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Abstract. Sliding Mode Control (SMC) used to control the stability of a quadcopter from
disturbances and uncertainties. This technique has two main advantages: the nonlinear dynamics
and modelling errors of the quadcopter can be eliminated by switching function and the
uncertainty problem can be overcome with a closed-loop response. The controller of the sliding
mode technique consists of two components. The first is design equivalent control law to
maintain the system state trajectory on the sliding surface. The second is design switching control
law to reach the sliding surface. The Lyapunov theorem is used to ensure the stability of the
system. Simulation results verify the robustness of the controller.

l. Introduction

Quadcopter has been applied in many fields such as business [1], agriculture [2], surveillance,
and security [4]. Nowadays many methods have been developed to control quadcopter
including linear and non-linear controls. Some previous studies were simulation’s research of
quadcopter controller using PD [5], PID [6] [7] [8] and sliding mode control (SMC) [9]. The
PD controller can be reduced the uncertainties of a quadcopter by manually select filter
parameters and the results show that the output can follow the reference but there is a steady
state error when added disturbance [5]. The PID controller can follow the desired path but level
of precision in moving need to be improved [6] [7] [8]. The simulation results of illustrate that
proposed SMC controller provides significant reduction of disturbances influence on
Quadcopter tracking performances but the gain of switching control could cause high chattering
phenomenon if added external disturbance [9]. Based on some literature the SMC control has a
robust response, although there is weakness such as high chattering. This weakness can be
overcome by adjusting the gain value in the switching control.
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SMC with automatic tuning of gain value on switching control will be investigated on
Quadcopter flying. This technique can reduce the effect of the uncertainties and disturbances
then minimize the chattering.

1. Dynamics of a Quadcopter

The mathematical model of the quadcopter uses 12 states, namely X, y, z as position of
quadcopter, x,y,z as velocity of x, y, z, then ¢, 8, as roll, pitch, yaw angle, and &, 6, {s as
angular velocity. The dynamic of system will be represent in state space model.
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Fig. 1. Model of quadcopter

The Quadopter model is obtained from the Newton-Euler equation. In the first stage, use
Newton second law to get the equation of translational motion [10].

F+dp =mv+ w X mv, (@8]

Fy— Fipryse + dp = mv + w X mv, (2

where F 4 is gravity, Fp.s are rotation matrix of vertical thrust [0 0 U, dp = [d.d, d,|”

are external disturbances, m is mass of quadcopter, v = [x y z]7 are velocity, w = [¢ 6 ]T
are angular velocity.
¢

0 dy

0 x x
0 | = (R.) Ry(0) Re(®)) | 0 |+ |dy| =m||5| +|0]|x|7|| @
mg U, d, z II) z

The rotation matrix of roll, pitch, and yaw denoted as :
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cy Sy O0][coe 0 sp1[1 O O
Rz(‘p) ' Ry(e) ' Rx(¢) = [_S'P C'IJ 0] [ 0 1 0] 0 C¢ S¢
0 0 1ll=s¢ 0 col|0 —54 ¢y

Cng S¢SOC1IJ - C¢S¢ S¢S¢ + C¢59C¢
= |CoSy S¢pSoSy + CpCy —SpCy + CopSoSy |. (4)

—Sp S¢Cg C¢C9

Substituting equation 4 into equation 3

I 0 CoCyp SpSeCy — CpSy  SpSy T CpSeCy |1 0 d, ¢ X
yl==|[| 0 |—|cosy SpSeSy +CpCy —SpCy +CeSesy|| 0 [+ |dy||—[0]%]|y]
7 mg —Sg 5¢Co CyCo U, d, P z
[5]
Assume thatv =[x ¥ z]T and w = [¢ 6 ¥]" are equal with 0, we can find ¥
. 1 1
X = —;(Sq)slp + C¢S9C¢)U1 + ;dx , (6)
. 1 1
y=--— (—spCy + CpSeSy)Uq + ~d,, (7
. 1 1
z=g—;(c¢c9)U1+;dz. (8)
Rotational Euler equation can be written as :
U,
My=woXxU w)+I1w=|U3], 9
Uy
where [U, U3U4]" are the control torques of roll, pitch, and yaw,
UZ ¢ Ixxd’ Ixx‘i’
Us|=|6|x|IL,0|+]1,,0]. (10)
Ul 10l 1] (1,9
Based on equation 10, we can get :
U, =, — Iyy)éll) + 1,9, (11)
Us =y —1,)p¢ + Iyye ' (12)
U,= (Iyy — I )90 + 1,9 . (13)
Finally, the derivatives of the angular velocity can be written as :
< Up+(lyy—I,,)0
= 2t (14)
é — Us+(Izz—Ixx) PV , (15)
I}’y
‘g Ugt+Uxx—1 )¢0
P = e - - (16)
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The state space of the quadcopter has the following form
X = [ X1 X3 X3 X4 X5 X X7 Xg Xg X109 X11 X12]",
X=[xyziyzp0ppoyp]" .

Then, we get
X1:XZX4,
5‘2:}":755’
X3=2=x6,

: .. 1 1
Xp=X= —;(sd,s,,, + cpSeCy)Uq + ;dx,

. 1 1
Xs=y=y= —;(—s(,,c,,, + CcpSeSy)Us + —d,,

. .. 1 1
xe=2=g——(cpco)Us +—d,,
X7 = (b = X10 »

568 =0 = X11 »

X9 =Y = X132,

Uz+(lyy—12,)0%

xlO = ¢ = Ixx 1
. o Uz+(Izp—Iyx) PV
X11 = 0= % y
. o U4-+(Iyy_lxx)¢0
X2 =9 = - 1,

and input control of u, and u,, can be represented as
u, = S¢S¢ + C¢SgC¢ )

(17)
(18)

(19)
(20)
(21)
(22)

(23)

(24)

(25)
(26)
(27)

(28)
(29)
(30)

31)
(32)

(33)
(34)

Uy = —SyCy + CpSgSy -
The total thrust/force U4, roll torque U, pitch torque Uz, and yaw torque U, can be expressed
as follows

Ur=F=f1+f2+f3+fa,

Uy=f2—Ff4,

Us=f1—-F13,

Us=f1+fs—f2—fa.

Quadcopter parameters used can be seen in table 1.

Table 1. Parameter of a quadcopter.

(35)
(36)

Parameter Value
Distance rotor from centre (1) 0.3m
Mass (m) 25kg
Inertial moment on x axis ([, ) 0.04 kg - m?
Inertial moment on y axis (], ) 0.04 kg - m?
Inertial moment on z axis (J,, ) 0.045 kg - m?
Gain(K) 150 rad/s
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Actuator Bandwidth ( w ) 18 N

I11.  Controller Design

The SMC control consists of equivalent control and switching control. In the equivalent control
for the Z axis, the first step is designing a sliding surface. The sliding surface is defined as:

S5 = Mg + A5,

S5 = (X5 — X5q) + A5(X5 — Xs54q)
where 45 > 0, then derivative of s5
Ss =15 + 575 = 0,
0 = (X5 — X54) + As(X5 — X54) ,
0 = (X6 — X54) + A5 (X5 — Xs54) ,

X can be defined as :
. . 1 1
Xe=%2=g —;(Cd,Cg)Ul +—d,.
Substituting equation (43) to equation (42)
1 1 . . .
0= (9 - ;(C¢CG)U1 +—d, - de) + A5(X5 — X5q) ,

and we get equivalent control:

1 . .
Ueg=————— (g t—d; — X5q) + A5 (X5 — X54) -

COS X7°C0S Xg
The switching control for Z axis can be written as:
u; = —Ks sign (ss) .
Finally, SMC controller can be obtained by adding equation (45) and (46)

1 . . . .
U1 = _m (g + Edz — de) + As(xs - de) - K5 sign (SS) '

COS X7°COS Xg
The stability of the system can be proven using the Lyapunov stability method
Lyapunov function is defined as:

V=%SZ >0,

and

V=ss<0

= ((ds — Xs5q) + A5 (x5 — x59) ) ((¥5 — X54) + A5(k5 — X54)) -
Subtituting equation (43) into equation (49) :

(37)
(38)

(40)
(41)
(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

V = ((ks — Xs54) + A5(x5 — X54)) ((g - %(C¢CB)U1 + %dz - 535(1) + A5 (x5 — xsa))-

(50)
Then, substituting equation (47) into equation (50):
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V= ((555 — Xsq) + As(x5 — xsd)) ((9 - i (C¢Co) (L (g + %dz - 5&5,1) +

€OS X7°COS Xg

A5(X5 — X5q) — K5 sign (55)> + %dz - 555:1) + 45 (%5 — 565d)> : (51)

We can eliminated some equation in equation (51) and choose K to be minus large enough to
get stable in the sense of Lyapunov. K gain can change when the system gets disturbances. The
equation can be seen in (52)
K5 = —ps m Sign (s5)(—¢s) , (52)
where &5 is defined as:
&5 =m(xq + g — Ks sign (s5)) — Uy , (53)

Then, control for Z axis can be written as:

1 . L Re si
Up = ———— (g +—d, — ¥s5q) + A5(¥s5 — %54) — K5 sign (s5), (56)

COS X7°COS Xg

with same technique we get input control

dy | L. 2 ci
u, = (; + ¥3q — (A3 (i3 — x3d))> Uﬂl — K3sign(s;) , (57)
dy . . =
u, = (;y + X4q — Aa(X4 — x4d)) Uﬂl — Kysign(s,) (58)
Uy = (I, — Iy)X11%12 + (¥9q — A9 (kg — X9a)) I x — Ko sign(so) , (60)

Us = (Iux — I22)x10%12 + (%104 — A10 (K10 — X104) )1y — K10Sign (s10) . (61)
U, = (Iyy - Ixx)xloxll + Izz(xlld —A11(xq1q — 5‘511d)) — Kq1sign (s11), (62)

V. Simulation Results

In Figure 2 shows the quadcopter can follow the set point without steady state error and requires
a rise time of 8 seconds to reach the x-axis change as far as 5 meters. The output response in
Figures 3 and 4 shows good performance despite being given payload as disturbance (Figure
8). Then in Figures 5 and 6 shows the response of the Roll angle and Pitch angle to the reference
signal has fast rise time. Figure 7 shows that the gain in switching controls can change
automatically adjusting changes in dynamics of the system due to disturbance and uncertainty.
When given a load as a disturbance (Figure 8), the gain value at Kz increases so that the
guadcopter can maintain its position on the Z axis.
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The simulation results show that the SMC can control the quadcopter following the reference
of position without causing a chattering phenomenon, then the switching control can change

automatically when there are changes in parameters and disturbances.
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